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The windowed 2D Fourier transform (W2D-

FT)

The windowed 2D Fourier transform

𝐹𝑥
ℎ 𝜔, 𝜂, 𝑡, 𝑟 = න𝑥 𝜏, 𝜌 ℎ 𝜏 − 𝑡, 𝜌 − 𝑟 𝑒−𝑖 𝜔𝜏+𝜂𝜌 𝑑𝜏 𝑑𝜌
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Reassignment of W2D-FT

For the 2D signal model

𝑥 𝑡, 𝑟 = 𝐴𝑒𝑖 𝜙𝑥+𝜔𝑥𝑡 𝑒𝑖 𝜓𝑥+𝜂𝑥𝑟

The first order estimator of ω :

ෝ𝜔 1 𝜔, 𝜂, 𝑡, 𝑟 = 𝜔 − ℑ
𝐹𝑥
𝜕𝑡ℎ 𝜔, 𝜂, 𝑡, 𝑟

𝐹𝑥
ℎ 𝜔, 𝜂, 𝑡, 𝑟

= 𝜔𝑥

The first order estimator of 𝜂:

Ƹ𝜂 1 𝜔, 𝜂, 𝑡, 𝑟 = 𝜂 − ℑ
𝐹𝑥
𝜕𝑟ℎ 𝜔, 𝜂, 𝑡, 𝑟

𝐹𝑥
ℎ 𝜔, 𝜂, 𝑡, 𝑟

= 𝜂𝑥

Reassignment

𝑅 𝜔, 𝜂, 𝑡, 𝑟 = නන𝐹𝑥
ℎ Ω, 𝜉, 𝑡, 𝑟 𝛿 Ω − ෝ𝜔 1 Ω, 𝜉, 𝑡, 𝑟 , 𝜉 − Ƹ𝜂 1 Ω, 𝜉, 𝑡, 𝑟 𝑑Ω𝑑𝜉
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Reassignment of W2D-FT
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Compute W2D-FT with window𝜕𝑡ℎ, ℎ

Calculate the estimator ෝ𝜔 1 , ො𝜂 1

Reassignment (moving energy)



Reassignment of W2D-FT

For the 2D signal model

𝑥 𝑡, 𝑟 = 𝐴𝑒
𝑖 𝜙𝑥+𝜔𝑥𝑡+

𝛼
2
𝑡2
𝑒
𝑖 𝜓𝑥+𝜂𝑥𝑟+

𝛽
2
𝑟2

The second order estimator of ω :

ෝ𝜔 2 𝜔, 𝜂, 𝑡, 𝑟 = 𝜔 + ℑ
𝐹𝑥
𝜕𝑡𝑇ℎ𝐹𝑥

𝑇ℎ − 𝐹𝑥
𝑇2ℎ𝐹𝑥

𝜕𝑡ℎ +𝐹𝑥
𝑇ℎ𝐹𝑥

ℎ

𝐹𝑥
𝑇ℎ 2

− 𝐹𝑥
𝑇2ℎ𝐹𝑥

ℎ
= 𝜔𝑥 + 𝛼𝑡

The second order estimator of 𝜂:

Ƹ𝜂 2 𝜔, 𝜂, 𝑡, 𝑟 = 𝜂 − ℑ
𝐹𝑥
𝜕𝑟𝑅ℎ𝐹𝑥

𝑅ℎ − 𝐹𝑥
𝑅2ℎ𝐹𝑥

𝜕𝑟ℎ +𝐹𝑥
𝑅ℎ𝐹𝑥

ℎ

𝐹𝑥
𝑅ℎ 2

− 𝐹𝑥
𝑅2ℎ𝐹𝑥

ℎ
= 𝜂𝑥 + 𝛽𝑟

Reassignment

𝑅 𝜔, 𝜂, 𝑡, 𝑟 = නන𝐹𝑥
ℎ Ω, 𝜉, 𝑡, 𝑟 𝛿 Ω − ෝ𝜔 Ω, 𝜉, 𝑡, 𝑟 , 𝜉 − Ƹ𝜂 Ω, 𝜉, 𝑡, 𝑟 𝑑Ω𝑑𝜉
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Reassignment of W2D-FT
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Compute W2D-FT with several

window 𝜕𝑡𝑇ℎ, 𝑇
2ℎ, 𝑇ℎ, ℎ

Calculate the ෝ𝜔 2 , ො𝜂 2

Reassignment (moving energy)
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W 2DFT 1st order RM

K. Abratkiewicz, “Windowed Two-Dimensional Fourier Transform Concentration and 

Its Application to ISAR Imaging,” IEEE Transactions on Image Processing, vol. 32, pp. 

6260–6273, 2023.

2nd order RM

Entropy 1.2575 0.00320.0489

Smaller entropy represents more concentrated energy



Conclusion

 Novel non-parametric technique 2D spectrum enhancement.

 Reassignment of 2D with 4 estimators.

 Improving the contrast and entropy.
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